Abstract. The aim of this article is to calculate the Conner-Floyd invariants of the fixed points of the action of a cyclic group, by analogy with Adams operators. We shall correct the mistakes made in a previous article.
Appendix 3 to the classical lenses in Appendix 4 are correct (but other mistakes occur there).
II. Correction of the errors in Appendix 4 in the article [2] In Appendix 4 two problems were solved: 1. A complete calculation of the bordisms and cobordisms of the space BZ p by means of Adams operators in U -theory, and also a description of the structure of the automorphism λ x : BZ p → BZ p , which is generated by multiplication by an invertible residue x ∈ Z p (Theorems 1 and 2). Here there are no errors.
2. Calculation of the symmetric functions α 2n−1 (x , . . . , x n ) ∈ U 2n−1 (BZ p ) on a set of invertible residues x 1 , . . . , x n , defined by the action of the group Z p on the sphere S 2n−1 , linear in the complex space C n and given by a diagonal matrix (a ij ), where a jj = e 2πixj /p . We formulated three obvious requirements that these functions must satisfy: a) νa 2n−1 (x 1 , . . . , x n ) = x −1
n a 2n−1 , where a 2n−1 ∈ H 2n−1 (BZ p ) is a standard basis element and ν : U * → H * is a homomorphism of the augmentation ("normalization condition").
b) (λ x ) * α 2n−1 (1, . . . , 1) = α 2n−1 (x −1 , . . . , x −1 ), where λ x was described above and (λ x ) * : U 2n−1 → U 2n−1 ("values on the diagonal").
c) If two relations of the following form hold: ("multiplicative condition"). We also showed that from these three conditions we can recursively calculate the values of the functions α 2n−1 (x 1 , . . . , x n ) in terms of α 2n−1 (1, . . . , 1), and we gave the result of the calculation for n = 2, 3 (Theorem 3). This theorem is not true. The error lies in the fact that on page 946 (bottom) the elements α 2n−1 (1, . . . , 1) are incorrectly identified with the elements v 2n−1 , which are canonically conjugate to the basis (vu k ) in the complex S U (BZ p ). In fact (v 2n−1 , vu n−1 ) = 1 and (v 2n−1 , vu k ) = 0 for k = n − 1. In fact, we have the formulae 
Also, on page 946 we wrote x instead of x −1 throughout, and in Lemma 3 we must write
changing the sign of the second term. A correct recalculation leads to the following formulae:
where σ 1 are the elementary symmetric functions. In general, we have the following simple Lemma 1. The normalization, multiplicative, and value-on-the-diagonal conditions formulated above completely determine the functions
For the proof of the lemma we first consider primes p > n. By the normalization conditions we have
If we know the functions α 2k−1 for all k < n, then, by virtue of the multiplicative condition, we can use the relations written above to form various relations for α 2n−1 for all possible x 1 , . . . , x n . These are linear equations that are non-homogeneous, since we know α 2n−2 (x −1 , . . . , x −1 ). It is easy to see that this system of equations reduces to triangular form. First we find α 2n−1 (x −1 , 1, . . . , 1), and so forth. This implies Lemma 1. For the remaining p the proof is similar, but the linear equations will not be over a field.
Remark. It is possible in principle to find various relations on α 2n−1 (x 1 , . . . , x n ), by constructing a large number of examples of actions of Z p on complex manifolds, and then to calculate α 2n−1 recursively. Such a method of calculation was realized by G. G. Kasparov for n = 2, 3, and he obtained the formula (II) in a different manner from that used here. His method requires the essential use of certain constructions and theorems of Conner and Floyd. Kasparov first observed (from geometrical considerations) that the coefficients γ
. . , 1) depend only on i for i < n. This fact will be proved by algebraic methods and will be used later.
III. The complete calculation of the functions α 2n−1 (x 1 , . . . , x n )
We shall seek the functions α 2n−1 (x 1 , . . . , x n ) ∈ U 2n−1 (BZ p ) in the form
, assuming by definition that α 2(n−i)−1 = 0 for i ≥ n. We denote by u ∈ U 2 (BZ p ) the canonical two-dimensional cobordism class. Clearly we have
where ∩ is theČech "excision." We denote by L 2n−1 ⊂ BZ p the (2n−1)-dimensional skeleton formed by the classical lens with weights 1, . . . , 1, that represents the class
We have the formulae
where
Since for B n (u; x 1 , . . . , x n ) only the first n terms in the power series in u make sense, we can consider B n (u; x 1 , . . . , x n ) to be an infinite series and at the end take u n = 0. Our problem is to find a sequence of series
and so on, where in calculating α 2n−1 (x 1 , . . . , x n ) we consider only the first n coefficients. Namely, if
The following important result holds. 
where B(u; x) = B n (u; x, 1, . . . , 1).
Proof. We seek functions α 2n−1 (x 1 , . . . , x n ) as if Lemma 2 is true. Having found a solution (see Theorem 1 below) we see whether these functions satisfy the normalization and multiplicative conditions (the diagonal values will be used in determining the solution, so they will automatically be consistent). From the equations (VIII), which follow from Theorem 1 (see below), it is clear that all of the requirements are satisfied. Therefore Lemma 2 follows automatically by virtue of Lemma 1.
Thus the problem reduces to finding the series
For this purpose we use the automorphism λ x : BZ p → BZ p , generated by multiplication by x ∈ Z p . Recall that in cobordism theory the Adams operator
is given by the series
(the "Miščenko series") and g −1 is the inverse series. By definition we have
We now use the general identity
for arbitrary transformations f, a ∈ U * , and b ∈ U * . In this identity we substi-
Then from (IV) we obtain the equation
When we apply the operator D n to this equation, we find (bearing in mind that u n = 0 and n → ∞):
and the series B(u; x) is of the form
, (VII) implies the following definitive result.
Theorem 1. We have the formula
, where a ∈ Ω U is an arbitrary "scalar").
If the group Z p acts in a complex manner on the manifold M n with fixed points P 1 , . . . , P q , at which it has a collection of weights x
where u is a formal variable that generates the ring Ω U [u] with relations pΨ p (u) = 0 and u n+1 = 0. We take p to be a prime.
III . Implications of the Conner-Floyd equations
For transformations with isolated fixed points (q of them) the equations (VIII) are actually S(n) numerical equations mod p, at least for large primes p > n, involving the qn variables x
We observe that the collections of weights {x (j) i } of the action of Z p are geometrically indistinguishable if we perform an arbitrary permutation of the indices i and the indices j and multiply the whole collection {x (j) i } by a number λ ≡ 0 mod p. In fact the equations (VIII) are defined on projective space P qn−1 over Z p with the
Therefore the "manifold" of types of action of Z p lies in P qn−1 \ ij P ij , factored by the product of the permutation groups S n × S q (see [2] ).
From (II) we can already draw certain conclusions: 1. For n = 2 and p = 3 the number q of necessary fixed points of the action of Z 3 cannot be two. For n = 2 and p ≥ 5 we can have an action of Z 3 with two fixed points.
2. For n = 3, unlike the case of n = 2, we can have an action of Z p with two fixed points for p ≥ 3.
3. For n = 3 and q = 2 (two points), of the four equations (II) (since S(3) = 4) is a consequence of the other two, since the coefficient of
is a homogeneous function of σ 1 , σ 2 , σ 3 of degree 1. Therefore it changes sign when the σ i change sign. For the two points P 1 and P 2 the Conner-Floyd equations (II) and (VIII) require a change of sign. This fact is an accidental coincidence.
4. Since for arbitrary q the number of equations S(n) grows much faster than
, for each number q there exists an n = n(q) such that for N > n(q) we know that every complex action of Z p on N -dimensional complex manifolds has more than q fixed points.
However, a rigorous proof requires a demonstration of the independence of approximately S(n) of the equations (VIII), at least for large p. In view of possible coincidences, as in the preceding subsection, this requires an additional algebraic analysis of the equations.
5. We consider the real case corresponding to a change from U * -bordism to SO * -bordism. Here we restrict our attention to groups of odd order. The corresponding functions will be denoted by
Clearly the functions possess the following symmetry:
corresponding to rotations of the sphere S 2n . The Conner-Floyd equations (VIII R ) are obtained from (VIII) by means of the realizing operator r * . These are actually S(k) numerical equations for dimensions n = 4k + 2 and n = 4k + 4, since
If there is no general interdependence between these equations apart from the symmetry indicated above, then, as in subsection 5, this implies the following result: a) If the number of points q is odd, then there exists a dimension n(q) such that on manifolds of dimension N > n(q) there is no action of Z p with q isolated fixed points.
b) If q = 2t, then for dimensions N > n(q) every action of Z p is such that the points P 1 , . . . , P q split into pairs P 1 ,P 1 , . . . , P t ,P t for which the collections of weights of the points P j andP j are opposite in sign.
Here p is odd and the manifolds are even-dimensional and orientable. The dimension n(q) can be calculated if we know the number of independent equations in (VIII R ). If this number increases faster than linearly, then the result is true. If it increases more slowly than pn, then n(q) = ∞.
Apparently this number increases as S(n/4), but I have not been able to prove it;
IV. Numerical realizations of the Conner-Floyd equations
How can we find these equations most effectively? Here
Since CP n is algebraically independent in Ω U , then g is practically a series with arbitrary coefficients. But the series i=1 u xiΨ x i (u) is of the form i≥0 γ (n) i u i , and sometimes it is possible to calculate effectively some of the Chern numbers of the coefficients γ (n) i , which gives various numerical realizations of the equations (VIII). We introduce the following important examples of such realizations: a) T -genus (corresponding to the homomorphism
We have g
Finally we obtain the equation
We have the equation
) The Euler characteristic c (of the tangent bundle). Since c n [CP
Finally we have the equation
IV . Q-genera of general form
We obtained four types of numerical equations. It is possible to deduce a general numerical equation corresponding to a multiplicative Hirzebruch sequence of Chern classes Q(z) = 1 + a 1 z + a 2 z 2 + . . . . Of special interest are the A-genera
.
We can only use an A-genus for odd p in view of the lack of spinors. For an arbitrary multiplicative sequence W (z) we have a Q-genus Q[M
n ], and we must calculate
Since Q[CP n ] is the component of z n in the series Q n+1 (z), it follows that
Hence we obtain
Integrating with respect to u, we find that
Consequently, the general Conner-Floyd equation for a Q-genus takes the form
We consider the case Q =c = 1 1+z , Q = A and Q =Ā. The functions are everywhere to be understood as formal series in u, where
e) The normal Euler characteristicc. Since Q = 1 1+z , it follows that
For an A-genus we obtain
Finally we have the following equation for odd p:
By analogy we write down the equations (VIIIc), (VIII T ), (VIII L ), (VIII c ), (VIII t ), (VIII A ), (VIIIĀ) for the case in which we have an action of the group Z p for which all fixed manifolds have a trivial normal bundle.
V. Global invariants of the manifold carrying the action of Z p
Here we consider the problem of calculating the characteristic numbers and integral Q-genera modulo p of the manifold M n that carries the action of Z p . For simplicity we limit our attention, as before, to the case of isolated fixed points P 1 , . . . , P q of the whole group as the only singularities. Let the weights (for the point P j ) be x
n . This problem was solved for a number of cases by Conner and Floyd. However, due to its simplicity, we shall indicate its solution here. In fact, the answer follows easily from an old work of Tamura [1] in which he constructed classes (Pontrjagin, Chern) of p-manifolds. In addition, I may remark that if, in the case considered by Tamura, the action without fixed points can be extended from the boundary ∂M onto M , then all the Tamura characteristic numbers are equal to zero mod p.
We consider the Tamura p-manifold 
where dim ω = n and
Hence we obtain in a simple way a formula for the action of Z p on M n :
For large primes p > n + 1, this formula also correctly describes T -genera, Lgenera and A-genera. For primes p ≤ n + 1, the formula is incorrect for these Q-genera. For example the formula
contains p in the denominator for p ≤ n + 1. Thus it must be interpreted as follows: if thex
are integers such thatx
where the divisibility by p of the expression in parentheses is a consequence of equations (VIII) for the weights x (j) i of the fixed points. In the holomorphic and real cases, the formulae (IX), (IX T ), etc., can apparently be derived from the results of Atiyah and Bott [3] and some methods from number theory.
For the L-genus, the A-genus and any other Q-genus the proof is similar.
VI. The action of a circle with fixed points
We shall consider complex actions of the circle S 1 on a manifold M n , having only isolated fixed points for the whole group (for subgroups there may also be other singularities). At each of these fixed points P the action of S 1 on the tangent space T P is given by a diagonal matrix A P (φ), where the a ij (φ) = e ixj φ , φ ∈ S 1 , x j are integers.
We let π denote the collection of all primes that divide the collection {x j }, and we letẐ π denote the completion of the integers in the topology in which the open sets are the ideals generated by all the numbers that are relatively prime to the collection π. Let G π = CharẐ π be the group of characters.
It is easy to see that the representation A P (φ) determines a quasi-complex action without fixed points of the group G π on the sphere S 2n−1 , enclosing the singular point P, with weights x j , where the action of a character h ∈ G π = Char Z π is given by the action of the element h(1) ∈ S 1 . This action is determined by the collection of integers {x j }, which may depend on the collection of primes π.
By definition, the group of complex bordisms BG for the group G is the collection of pairs (M, G) of quasi-complex manifolds with the corresponding action of G without fixed points, identifying pairs with respect to cobordism. We call dim U − dim G the dimension of a pair.
Suppose that the action of S 1 on the manifold M n has fixed points P 1 , . . . , P q with weights x (j)
Then we take π to be a collection from all the primes that divide the set x (j) i and defineẐ π analogously. We set
The linear representation A P j (φ) at the point P j on the sphere S 2n−1 determines
Clearly we have the ("Conner-Floyd") relation
We have the following simple Lemma 3. For the natural homomorphism G π → S 1 the induced mapping
is an isomorphism.
Later we shall consider the functions
and denote them by β(x
n are integers that are invertible inẐ π .
How can we calculate the functions β(
is a canonical element and the α = CP i ∈ U 2i (CP ∞ ) are standard bordisms, then we have the following obvious formulae:
is a canonical element. As for the case Z p , so also here we seek a series B(u; x) such that
By repeating the arguments employed in the proof of Theorem 1, we finally obtain the following assertion.
Theorem 1a. We have the formula
where the x i are invertible elements inẐ π , and
Let us make a few remarks about other groups. For a torus the investigation is completely similar. Also, it is easy to carry it out for compact (connected) commutative groups.
VII. Arbitrary finite groups
It is known (Zassenhaus) that groups G that can act discretely and orthogonally on spheres have cyclic Sylow p-subgroups for p > 2 and highly special 2-subgroups ("generalized quaternions"). Therefore their homologies can be analyzed very simply. Let G be such a group and let {∆ 1 , . . . , ∆ m } be its complete set of unitary irreducible representations, acting discretely on spheres. Then all representations ∆ such that ∆ = k j ∆ j , k j ≥ 0 also have this property. We denote this semigroup by R + G . The following functions are defined on R
The function of the Euler class in cobordism theory (or the older Chern class),
, is also defined. We observe that for sums of one-dimensional fibers η = η i we have
and if η i = η xi , then, by definition,
Theorem 1b. We have the following general formula:
G . For commutative groups we proved this formula earlier (cf. Theorem 1), since for the canonical representation η of the group Z p we have σ 1 (η) = u ∈ U 2 (BG) and σ 1 (η x ) = xΨ x (u). In the general case the proof can be reduced to Theorem 1 by the usual arguments involving restrictions to the Sylow p-subgroups. Since for all p > 2 they are cyclic, the formula (X) will have been deduced from Theorem 1 if we tensor multiply it by all the rings of p-adic integers for p > 2. For p = 2, we must analyze the 2-groups, i.e., the groups of generalized quaternions G
In view of the simple structure of these 2-groups, the proof can be carried out by direct calculations, and we complete it below in examples 1 and 3. −1 on Z 3 and Z 5 . We observe that the restrictions of cohomologies, K-theory, and U -theory to Sylow subgroups are invariant with respect to W p (G). There are two irreducible unitary representations ∆ 1 , ∆ 2 ∈ R G that act discretely on spheres (namely, on S 3 ). Their restrictions to G 2 , Z 3 , and Z 5 , respectively, are of the form
where x = (e 2πi/3 ), t = (e 2πi/5 ) are basis representations. There exists an outer automorphism * : G → G such that * ∆ 1 = ∆ 2 . We observe that H * (BG) = Z 120 [y], dim y = 4. The following "Conner-Floyd elements" are feasible: α(k∆ 1 + l∆ 2 ) ∈ U 4k+4k−1 (BG). By virtue of the structure of the ring H * (BG), the collection of elements α(n∆ 1 ) ∈ U 4n−1 is a complete basis of U * (BG) as an Ω-module. Let w = σ 2 (∆ 1 ). Clearly w j ∩ α(n∆ 1 ) = α((n − j)∆).
